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An Elegant Lambert Algorithm

Richard H. Battin* and Robin M. Vaughan?
The Charles Stark Draper Laboratm'y Inc., Cambridge, Massachusetts

Of the many techniques extant for solving the two-body, two-point, time-constrained orbital bound-
ary-value problem, commonly known today as Lambert’s problem, none is more conceptually elegant
than the classical method devised by Gauss. The simplicity of Gauss’ method would certainly have
been attractive to the modern astrodynamicist except for two major flaws — the method is singular for
a transfer angle of 180 degrees and the convergence rate is extremely slow when that angle is not very
small. In this paper a new algorithm is described which exactly parallels both the mechanics and the
elegant simplicity of the classical one but is completely devoid of the two basic faults of the original,
The equations of the new method are universal and not singular for the 180 degree transfer. (They are
singular for a complete revolution through 360 degrees but this should not be cause for great alarm.)
Furthermore, convergence is both remarkably rapid and almost uniform as well as being essentially
independent of the initial guess. Tt should further be emphasized that all of the advantages of Gauss’
method are inherent in the new method — notably, the preservation of numerical aceuracy for small
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transfer angles (of the order of 2 or 3 degrees, for example).

Introduction

THE DETERMINATION of an orbit, having a specified

flight time and connecting two position vectors, fre-
quently referred to as Lambert’s problem, is fundamen-
tal in astrodynamics. A variety of methods of dealing
with this problem has been discussed over the years by
many writers — a reasonably comprehensive list of ref-
erenees can be established from those given in two of the
first author’s papers.'> Most of these earlier methods
have been characterized by a particular formulation of
the time of flight equation and a particular independent
variable to be used in a Newton-Raphson style of itera-
tion. In Ref. (2) the first author was successful in devis-

ing a successive substitution algorithm — actually, a

set of algorithms — which had some of the features of
(Gauss’ method but, like his, failed to converge for some
hyperbolic orbits and had slow convergence properties
in many other cases.

The Lambert algorithm described in this paper rep-
resents a major improvement over Gauss’ method?, or
any other technique known to the authors, and is made
possible by exploiting a new principle of which Gauss
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and his followers were probably not aware (even though
it is a fundamental property of two-body orbits) togeth-
er with a new wrinkle on an idea that Gauss himself
invented in developing an iterative solution of Kepler’s
equation. The new principle? is the invariance of the
mean point [or normal point as it was called in Ref.

- (2)] under a certain geometric transformation of the

boundary-value problem which brings the mean point
radius into coincidence with an orbital apse. The result
is that the transformed problem can then be simply
described using the elementary form of Kepler’s equa-
tion.

The second innovation is the introduction of a free
parameter in Kepler’s equation. The new twist is to
choose this free parameter (not to be a constant as
Gauss did in his application) but rather to insure rapid
convergence over the entire range of problems. Indeed,
it is truly startling to observe just how rapid the con-
vergence is when the iterated variable is anywhere near
the solution value. It is not uncommon for this vari-
able to improve by as many as four or more significant
decimal places in a single iteration step!

Gauss’ Method

Denote the initial and target points by P; and Ps
and the corresponding radial positions by r; and r, as
shown in Fig. 1. Let ¢ be the line of sight distance
between P; and P, and let 8 be the transfer angle. The
problem is to determine the Keplerian orbit for a body
which is at P; at time t; and must arrive at P, at the
specified time 5.

_For notational convenience in the sequel, define the
dimensionless parameter A as

\s =/riTzc08 30 = +1/s(s —¢) ¢}
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Fig. 1 Geometry of the boundary-value problem.

where s is the semiperimeter of the triangle P P,Fie.
s=1(ry +ra+o)

so that \ will decrease mnnotonicaﬂy from +1 to -1
as @ increases from 0 to 27 with the value A = 0 cor-
responding to 6 = 7.

With great insight and 1ngenu1ty, Gauss formulated
the problem as two equations

2 m

—_— ()
£+ sin® iE
and . 9F —sin2E
— Sl
Yoyt =m———— (3)
sin® E .

to be solved s1mu1taneously for the variables y and E
where 1) y is the Well-known sector-triangle ratio —
i.e., the ratio of the area of the sector contained between
the radii r; and ro and the orbit and the area of the
triangle P;PoF" and 2) E is defined as

E= (B~ Fy) @

where E; and E, are the eccentric anomalies of the
orbit at the terminals P, and P;. The quantities £ and
m are constants which depend only on the geometry,
the flight time t5 —t4 and the gravitational constant u.
Specifically,

1-2)2 ‘t —11)? ‘ b.
Z=-(—‘-D\—) and m=u(828T31). (5,6)

Before reviewing Gauss’ method of solntion, it is
important to point out that £ cannot be accurately com-
puted from Eq. (5) when 6 is small (of the order of 2
or 3 degrees) or, equivalently, when X is nesrly one
— precisely the case which Gauss had in mind for his
application. To preserve accuracy for small 8, Gauss
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showed that £ could be cdmpnted from

sin? 16 + tan? 2w ‘
{= 4 T : (N
cos 50

after w ‘is first determined from
1.

tan(bm+w) = (:—j)“ ®)

Indeed, Gauss’ choice of variables in Egs. (2) and
(3) was primarily motivated by the need to have the
elements of the solution orbit calculable without. loss
of precision. Thus, when y and E are found, the semi-
major axis a and the orbital parameter p are determined
from the formulas*

pltz — 1)
= 2 ) - (9)
4ryroy? sin? E cos? 30 ‘
and »y
, 'r 2r2y? sin -
LEAP i 10
oty —t)? (10)

whlch mvolve only products and qubtlents o
Return now to the. dlscussmn of the method of
solutlon of Gauss’ equations — (2) and (3).- The classical
memoir by Gauss on hypergeometric functions and their
continued fractlon expansmns was pubhshed some three
years after Theoria Motus so his development of the
right hand. sidé of Eq. (3) appeared to be ad hoc and
somewhat emgmatlc Later, he would have written

2E s1n2E 4
) sin 3E

where F' is a hypergeometric functionf which admits of
a continued fraction expansion. As a consequence of
this relation, the quantity

F(3 1,2,sm2 1E) (11)

z= sm2 1E (12)

can replace E as one of the two unknowns in Egs. (2)
and (3)..

After some clever algebralc mampulatlons, Gauss
was able to replace Egs. (2) and (3) with

m -~ h :
z=?—ﬁ—£ and y3-—y2—hy‘—§= (13,14)
where m
h=—"— (15)
24+L+¢

and &(z), which is of order z2, determined from the
continued fraction =
2 »
f=— T (16)
2 @'9’ _
1—

&
2!

*Gauss also developed error-free formulas for ooinputmg the or-
bital eccentricity. The interested reader can find these in his book
Theoria Motus.

"The notation for the general ‘form of the hypergeometric functlon
is F(a, B;; z)-
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In this way, his objective of designing a rapidly conver-
gent algorithm was neatly accomplished. For a reason-
ably small transfer angle 8 (and, hence, a correspond-
ingly small value of ) we may first assume that z =
¢ =0. Then h is determined from Eq. (15) and y ob-
tained as the positive real root of the cubic equation
(14). Having now a trial value for y, a new value of z is
obtained from Eq. (13) with which an improved value
of h is found. The process is repeated until y ceases to
change by a preassigned amount -— usually two or three
iterations being sufficient. (This method of successive
substitutions was a favorite technique of Gauss.)

The equations of the algorithm are universal as
Gauss also demonstrated. By extending the definition
of z so that

SiIl2 %(Eg - El) ellipse
z=4 0 - parabola amn
—sinh® }(H, — Hy) hyperbola

where H is the hyperbolic arialog of the eccentric anom-
aly, and allowing, thereby, values of z to range from
—o0 to +1, all types of orbits are included. Furthermore,
and fortunately, the continued fraction (16) converges
over this extended range.

Gauss, however, chose to develop separate equa-
tions for 0 < § < 7 and 7 < 6 < 2w. Indeed, had we
rigidly followed his notation, we would have used m? in
place of m. Instead, it seems more appropriate to let
£ and m be negative for negative values of A\ and thus
be spared the unnecessary burden of addressing the two
cases separately.

Obviously, Gauss knew that his method was sin-
gular for § = w but hé judiciously avoided ever men-
tioning it as if it were just a minor annoyance — a
small flaw in an otherwise beautiful scheme. Indeed, he
said “The equations ... possess so much neatness, that
there may seem nothing more to be desired.” This flaw,
however, coupled with convergence difficulties when 0 is
not very small, has rendered the method unattractive
to the modern astrodynamicist who is concerned with
a more general range of orbit determination problems
than Gauss could ever have imagined.

~ The authors of the present paper are delighted to
have discovered a new algorithm which exactly paral-
lels the elegant simplicity of the classical one but is
completely devoid of the two basic faults of the orig-
inal. In the next two sections, we shall separately 1)
remove the singularity at § =7 and 2) drastically im-
prove the convergence for the entire range of transfer
angles 0 < 6 < 27 without compromising thé elegance
of Gauss’ scheme.

Removing the Singularity

The singularity at 6 = 7 in Gauss’ method may
be removed using the transformation described in Ref.
(2). According to Lambert’s theorem, if the terminals

P, and P, are held fixed, the shape of the orbit may

be altered by moving the occupied and vacant foci F°
and F** without altering the flight time, provided that
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Fig. 2 Transformation of Lambert’s problem.

r1 + ro and a are unchanged in the process. For the
purpose at hand, we choose the transformed orbit so
that its major axis is perpendicular to P; P, as shown
in Fig. 2.

The time to travel from pericenter of the new orbit
to the point P, is just one half of the time to traverse the
original orbit from P; to P». The pericenter radius is rg,
the terminal radius is %(’rl +72), and the true anomaly
f is related to the original central angle # according to

V/Tiracos 16

BN 1)

cosf =

The time of flight equation is then the elementary form
of Kepler’s equation, which, for the ellipse, is simply

%, [ Bt —t) = E—cosin (19)

where E is the eccentric anomaly of the point P; and
eg is the eccentricity of the transformed orbit.

As discussed in Ref. (2), there are a number of
invariants of this orbital transformation. The so-called
mean point radius — the radius to that point* in the
orbit at which the tangent is parallel to the chord P, P,
- 18 one such invariant and is precisely the pericenter
radius of the transformed orbit. The difference between
the eccentric anomalies at P; and P, is also an invariant
— half of this difference is just the eccentric anomaly
E in Kepler’s equation (19). Obviously, the eccentricity
eo is not invariant.

Let rop be the radius to the mean point of the
parabola connecting P; and P;. Although it is not
explicitly given in Ref. (2), the exceedingly pleasant
relationship

sec’ 1E
To=Top

sech? iH

ellipse
(20)
hyperbola

*Because the eccentric anomaly of this point is the arithmetic
mean of the eccentric anomalies of the end points, we have decided
to change the name from “normal point,” as it was called in Ref.
(2), to “mean point.”
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can be easily demonstrated using the similar triangles
discussed there. We can further show from the proper-
ties of the parabola that

rop = 3(r1 + 72+ 2¢/rirz cos 36). (21)

Our objective now is to convert Kepler’s equation,
if possible, to a form resembling Gauss’ equations (2)
and (3). To this end, write (19) as -

%1 /%(fa—t1)=E—sinE+(1—€o)SiﬂE (22)

or, alternately, as

3
1 : 2T0p
Sr 3 (tz W\ —| =
' 27‘0
E —sinE + — taniE

where we have replaced. 1—eg by

To

7o P

1—eo=———sec2;E
a a

Now, from the classical formula relating the true and
eccentric anomalies f and F

tan?}f = 1t tan?1p
— €p
we obtain 21p
2tan” 5
1—ey= 2 . 23
0 tan®lf +tan®1E (23)
Hence
2rop v 4tan?lE .
: 2 (24)

a  (1+tan? 3E)(tan® 3 f + tan® 1 E)

and, as a consequence, Kepler’s equation takes the form

4tan®1E
! 3 Kty —t1) 5
[(tan? 1/ + tan? LE)(1 + tan? LE)]3
~E—sinE+ dtan’ 35

(tanzy% f+tan?1E)(1 +tan®iE)’

The analogy with Gauss’ equations is now readily
made. At the possible risk of confusing the reader, we
will use the same notation as in Gauss’ method but the
symbols will have different meanings. The advantage
will be the ease of comparison of the two. Thus, if we

~ define
z=tan’1E, (=tan’lf, (25,26)
_ W2 —t)’

8rdp 0
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the analog of the first equation of Gauss is had by

defining y as* '

2 _ m
C+z)l+z)

Substituting into Kepler’s equation, we obtain the ana-
log of the second of Gauss’ equations

y (28)

E—sinE
Y-y =m—. (29)
4tan® 3 E

Furthermore, using Egs. (18) and (21) together with a
little trigonometry, it is not difficult to show that!

1—X\ 2 8p(t2~t1)2'
- =12 =7 1
¢ (1+>\) and M= =G ENe (30,31)
Then, since
E—sinE 1 iE 1
4tan3 1E 2tan2 iE tanlE 1+tan? 1E
tan—l\/— 1
T2 VZ 1+
d tan_l\/_
Cdz ﬁ
we have F—snE
—sin
T___F(27 ot 13) (32)

so that Eqgs. (28) and (29) are also functions of z and y
just as in Gauss’ equations. The hypergeometric fune-
tion satisfies the necessary requirement to be expanded
as a continued fraction. Specifically,
v | - A
F(3,1;%—2)= ~ - (33)
1+ 2
34 ——
5 o
7+--

It can be shown that these equations are also uni-
versal when the definition of z is extended to include
the other conics,

tan® 1(E; — Ey) ellipse
z=41 0 parabola (34)
—tanh?1(H,—H;)  hyperbola

with its values ranging now from —1 to +oco.

The orbital elements are as easily calculated and
error-free as for Gauss’ method; formulas for the semi-
major axis and the parameter are, indeed,

_ ms(1+N)?

*Note that in this case y is not the sector-triangle ratio.

tAs can be seen from the new definitions of £ and m, we have
eliminated the singularity at § = n. However, there is now a
singularity at A = —1, corresponding to ¢ = 2w, which is more
tolerable.
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and
: _ 2ry7myy2(1 + 2)*sin® 30
B ms(l+\)?

- 69)

‘The formula for a is readily obtained using Egs. (24)
and (27) However, the orbital parameter is not an
invariant so that we must first establish the parameter
po for the transformed orbit.” By adaptmg the fairly
standard expression for the parameter in the boundary-
Va.lue problem ‘ ,

_nr2 sir12 (fa—f1)

to the case at hand, we obtain

C 14 x)?
~ 16az

Then, using the equation derived in Ref. (2),

4ryre §in? %0
P= ——52——,—_?0
which relates the parametérs of the original and the
transformed orbits, the verification of Eq. (36) is im-
mediate. '

Finally, we observe that the equation (30) for £ is
not appropriate when 8 is small — just as was the case
for Gauss’ definition of £. But as before, we can der1ve
the following alternate expressmn

sin? 16 + tan? 2w
sm2 10+tan2 2w + cos 10

(37)

with w determined from Eq. (8). Indeed, all of the
prec1s1on-preservmg techniques that Gauss so carefully
1ntroduced in his method exist also in this new formula—
tion. :

Improving the COnvergerlce'

In Theoria Motus, Gauss developed an extremely
efficient technique for solving the elementary form of
Kepler’s equatlon in the case of near parabolic orbits.
The key was the introduction of a parameter specifically
selected to accelerate the convergence ‘'of his successive
subgtitution algonthm Since our time equation is also
the simple form of Kepler’s equatlon, we are tempted
to introduce a free parameter in this instance too. .

For- th13 purpose, W1th B as yet unspecrﬁed wnte
Eq. (22) as

%\/g(tz ~t1) = [1+ (1 - colP+ (1 - e0)Q
where -
P=F—sinE

and
' Q=sinE - B(E —sinE).
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Now, from Egs. (23) and (32), together with a trigono- |
metrlc identity for the sine function, we have

which are used to develop the following expressions:

dF h
- - — 31 M
1+ 80 eo)]P 4 tan E[ +(£+:1:)(1+:1;)
4tan®1E
1-— —(14+h
4 ,
= —Ty;- pan3 1E(1+hy)
with the quantity h; defined as
dF
hl = 2,3(1?(1 + .’E)%. (38)

But, we also have

m
X / %(tz —t1)=4y3tan®iE

so that Kepler’s equation can be written as

h1

dr
¥ — (14 h)y? +m[ (Z—{-:z:)(l-l-m)] 0. (39)
Clearly, if 8 =0, then h; = 0 and Eq. (39) reduces to
(29). Otherwise, 8 can have any value whatsoever —
not necessarily constant.
. Now that we have this extra degree of freedom,
how can we best use it? To decide, consider the general
problem of the simultaneous solution of two equations
by successive substitutions. In Fig. (3a) we have plotted
two arbitrary functions yi(z) and y2(z); the intersection
of these two curves is the solution point. To find the
solution by successive substitution, we start by choosing
an initial ‘value zy and then calculate the corresponding
value of y;(zo). Next, y1(zo) is used to obtain a new
value of z by locating the point where ya(z) = y1(zo)-
The new value of z is again used to calculate yi which
is, in turn, used to find a new value for z. This process is
represented in the figure by the horizontal and vertical
dotted lines. Clearly, the curvature of the two functions
greatly influences the number of iterations required to
reach the solution. In the extreme, suppose that yi(z)
is a constant as shown in Fig. (3b). Then the solution
would be reached in just one iteration step since for any
o, we have y;(zo) exactly equal to y,(z) at the solution
point. -
Using this argument, it appears that we should
choose our free parameter (3 so that dy/dz will be zero
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Fig. 3 Graphics of successive substitutions.

at the solution point. Of course, we don’t know the
location of this point — if we did, no problem would
exist in the first place. For the moment, we will ignore
this seemingly crucial matter, calculate the derivative
of Eq. (39),

dy dy  gdhi | d°F
259 Yy _ 2
W T Ahy g v M
+_._m—_d_h1.+mh i____l____
(+2)(1+2) dz Ydc (o) +z)

and examine the terms one by one. At the solution
point, we know that Eq. (28) is satisfied so that the
terms involving dh, /dz cancel. Hence, for dy/dz to be
zero at this point, the sum of the fourth and sixth terms
must vanish. Thus, :

(£+x)2(1+a:)2———h1(1+2z+£) 0 (40)

and this is the equation we shall use to determine 3.
This parameter will be a function of z which, of course,
should be evaluated at the solution point wherever that
point may be. Since we don’t know its location, we will
use the function instead of its value— knowing full well
that this is the right value at the solution point. It will

be almost correct near this point and, hopefully, won’t |

cause serious problems otherwise.*

*Gauss achieved a similar flattening of his cubic equation (14)
for values of = near z = 0 since he was able to insure that his
coefficient h had only a second order variation with z.
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To evaluate the free parameter 3 .from Eq. (40),
we first note that since ' = F(},1;3;—z) is a hyper-
geometric function, it must satisfy Gauss’ differéntial
equation’

F

2x(1+a:)d +(3+52 )—-——+F 0

which can be used to eliminate the second derivative
from Eq. (40) to obtain

€+ 21+ z)[(3 + 5@-‘% + FJ
+22(1 + 2z +£)hy =0. (41)

Also, from the derivation of Eq. (32), we have an ex-
pression for the first derivative

dFf 1 1
EEm @

but, since z can vanish, we must somehow eliminate
the indeterminacy. To this end, reference Eq. (33) and
define

1 1
=1{72C where G = 0 (43,44)
3+ —
5 o
T4
to obtain, thereby,
aF _ (1-G)F

dz~  2(1+z)°

In the interest of simplifying the final result, it happens
that we should also define £ by

9z

G= 1 where £ =5+ " - (45,46)
T
3+-£— | e
so that
. dF _ _Qz+QFG _ _ 2w+ ¢
dz ~ €t1+z)  (+2)dzc+E@+a)]

When we substitute in Eq. (41) and make appropriate
reductions, we obtain the following equation? for A,

. (L+z)P(143z+¢)
M= Tt Ot G+ (47)
Finally, we have no difficulty in also deriving
m(z— L+ §)
ha = A+2z+ Oz + B +2)] (48)

where we have introduced the notation —h, for the last

term in Eq. (39).

'In general: z(1 —z)4L dzz Etly—(a+8+ 1)z]4E — afF = 0.

iSince hy is proportional to §, we have, in fact, determined the
free parameter.
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Table1  Continued Fraction Levels [£(z), £(7)] ,
T= 0.3 0.5 0.7 0.9 " 1.0 3.0 - 5.0 7.0 9.0 11.0
A=-09 81,19 50,15 36,13 27,11 24,10 12,6 46,9 81,9 10510 124,10
—0.7 60,17 37,13 26,10 19,9 17,8 16,7 29,8 - 38,9 45, 9 50, 9
—05 44,14 26,11 18, 9 13,7 11, 6 157 22,8 26,8 30, 8 33, 8-
-0.3 31, 12 19, 9 13, 7 10, 6 8 5 12, 6 17,7 20,7 23, 8 25, 8
—01 20, 9 13, 7- 10, 6 8 5 7,5 - 11,6 14,7 17,7 19, 7 20,7
0.0 15, 8 11, 6 ° 9, 6 7, 5 6,5 10,6 13,6 15, 7 AT, 7 19, 7
0.1 11, 6 9, 6 8, 5 7, 5 6, 4 9,5 12,6 14,7 16, 7 11, 7
0.3 7, 5 7, 5 6, 4 5, 4 5, 4 8,5 10, 6 12,6 13, 6 14, 7
0.5 5, 4 5, 4 5, 4 4, 3 4, 3 7,5 9,5 11,6 12, 6 13, 6
0.7 4, 3 4, 3 3,3 . 32 3, 3 6, 4 8, 5 9,5 10, 6 11, 6
0.9 2, 2 3, 2 3, 3 3, 3 4, 3 6,4 7,5 8,5 9,5 10, 6
In summary, then, the analogs of Gauss’ two equa- then it is shown in the Appendix that
tions (13) and (14) are
, 8(vI+z+1)
2 _ é(z)= 1 ' (53)
= (l_—_e) +ﬂ_li‘:’ (49%) 3+ - '
B 2 v 2 21
5+n+ 16
and 1_*____6__'377_
v =y —hy? —hy =0 (50) Lo 5"
+ 1+4--

with the coefficients determined from Egs. (47) and (48)

and the function &(z) calculated from the continued

fraction

which is equivalent to Eq. (46).
Fine Points of the New Algorithm

In both Gauss’ method and the new algorithm, the
two operations — evaluation of the continued fraction
and solution of the cubic equation — are the most time
consuming. In Theoria Motus, Gauss prepared tables
for this purpose which span the region over which his
method is useful and valid. In lieu of tables, we shall
present efficient computational techniques for these two
aspects of our algorithm. ‘

In Ref. (1) a top-down method is described for
evaluating continued fractions, which we can use to
determine &(z), and will not be considered further here.
However, we must remark that, although the continued

_fraction representation of ¢((z) in Eq. (51) converges
rapidly for small values of z, the number of levels re-
quired increases significantly as z becomes large.

A substantial improvement in the rate of conver-
gence can be had at the expense of a little extra prelimi-
nary computation. For if we define

z
n=—"7"""""
C(WIFz+1)
*Equation (49) is obtained from Eq. (28) by solving for z using the

quadratic formula. The choice of sign for the radical is governed
by the specified range —1 < z < 0.

-1<n<1, (52)

In Table 1 is a comparison of the number of continued
fraction levels required to compute &(z) to eight signi-
ficant digits for various values of X and

= \/ijg‘(tz —1). (54)

using both Egs. (51) and (53).

Turning our attention now to solving the cubic
equation (50), we observe that Eq. (29) has only one
positive real root since the right hand side of that equa-
tion is positive for all orbits. Furthermore, that root
must exceed unity in magnitude. This is the solution
to our problem and, of course, must be a root of Eq.
(50) also.

It is not difficult to show that hy(z), defined in Eq.
(47), is always positive, but ho(z), defined in Eq. (48),
can have either sign. Hence, there can be more than one
positive real root of Eq. (50) and the question of which
is the proper choice must be answered.

For parabolic orbits with A > (1 —+/5)/(1 +v/5), it
is easy to verify that hy is positive and, consequently,
for that case Eq. (50) has exactly one positive real root.
Now suppose that A\ and T vary continuously; then a
simple continuity argument will suffice to demonstrate
that, when multiple roots are present, the largest is
always the correct choice.

The classical explicit formulas for obtaining the
roots of a cubic ¢an, of course, be used for solving Eq.
(50). They are somewhat cumbersome in that different
formulas are required depending on the number of real
roots. However, there is an extremely attractive for-
mula, utilizing continued fractions, which guarantees to
produce always the correct root.
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Table 2 Number of Iterations (Gauss’ Method, New Method)
T= 0.3 0.5 0.7 0.9 1.0 3.0 5.0 7.0 9.0 11.0
=—09 1,4 t 4 ts ts t5 67, 8 210, 7 190, 6 167, 5 151, 5
—0.7 t 4 L L L L 44,5 52, 5 52, 4 49, 4 48,3
—0.5 1, 4 14 t 4 t 4 L 24, 4 26, 4 19, 3 29, 4 32, 4
—0.3 t 4 t 4 t 4 29, 4 17, 4 14, 4 14, 3 19, 4 21, 4 23,5
—0.1 t 4 16, 4 10, 4 9,4 8,4 10, 4 12, 4 14,5 15, 5 17,5
0.0 tg t 4 t 4 14 t4 14 t o4 ts iy ts .
0.1 5, 4 6,4 6, 4 5,4 5,4 7,4 9,4 11,5 13,5 13,5
0.3 3,4 4 4 4,4 4,4 4,4 6, 4 8,5 10,5 10,5 11,5
0.5 3,3 3,3 3,3 3,3 3,3 5,4 8,5 8,5 8,5 9,5
0.7 3,3 3,3 3,3 3,3 3,3 4,4 5, 4 7,5 7,5 8,5
0.9 2, 2 2,2 2,3 2,3 3,3 4,4 5, 4 6,5 6,5 7,5

B

YGauss’ method does not converge.

For this purpose, we first calculate

tGauss’ method is singular for 8 = 180 degrees.

Comparing the Two Methods

= B (55) Although the derivations of Gauss’ method and the

2(VI+B+1) new method for solving Lambert’s problem are differ-

ent, the final equations and mechanics of the algorithms

where 27hs are quite similar. The dimensionless parameters A and
B= W) (56) T are the inputs to both methods. The new method re-

Then, the largest positive real root of Eq. (50) is found
from* ‘
_ 14+ hy 9 Vi+B
v 3 | 1-2uK(u)?

where K (u) may be calculated from the continued frac-
tion

(57)

quires somewhat more algebra for each iteration since
there are two coefficients to be found for the cubic equa-
tion and Eq. (28) is quadratic in z. There is no need,
however, to test the value of \ as in Gauss’ method
since the new equations are valid for —1 < X\ < 1. The
efficiency of either procedure is the number of iterations
necessal:y to compute z to a given accuracy.

K(uw)= — %4 ) (58) In Table 2, the tv.vo me:thods are compared to con-
25U trast the number of iterations required to compute z
1- B to eight significant digits. [Many additional results are
1-—2 presented in Ref. (4).] For Gauss’ method, the initial

1— - oY values of z selected to generate this table were

In general, v2,,+1 and 72, the odd and even numbered
coefficients of « in the continued fraction can be ob-

parabola, hyperbola

0
.’l?o={ I
1+2¢

tained from ellipse
2(3n+2)(6n+1)
Tent1 = 9(4n + 1)dn+ 3)' where, for the ellipse, zy defines a circular orbit. Note
and . . the rapid convergence of Gauss’ method in the lower
2(3n+1)(6n —1) left corner of the table. In this region, z is nearly zero
Von = 9(an—D)(n+1) and the transfer angle # is small. Gauss designed his

The quantity 1 4+ B can be shown to be always
positive so that no difficulty is encountered in the square
root. Indeed, unless this term is positive, there will not
exist a positive real root of Eq. (50).

Of course, we can always resort to the Newton-
Raphson method for finding the root but we must be
careful that we converge to the correct root. A little
analysis confirms that an appropriate starting value yg
is either zero or (1 + hy) according as hy/(1 + hy)® is
or is not less than —-%, respectively. Also, of course, on
each subsequent cycle in the iteration it is sensible to
use the value of y calculated during the previous cycle.

*The derivation of this formula can be found in Ref. (4). It is too
complex to be reproduced here in limited space.

method for problems of this type. The quantity &(x)
was ingeniously constructed to be of order z2 so that it
would be very small for small 2 — the result being that
h, the coefficient in the cubic, is nearly independent of
z so that y is nearly constant.

The two major disadvantages are the singularity at
A = 0 and the convergence properties over the range of A
and 7T considered. Although Gauss’ method converged
for all elliptic cases considered, it sometimes required
more than 100 iterations to do so. For most of the
hyperbolic cases, it did not converge at all. _

On the other hand, the new method was designed
to converge rapidly for any case independent of the
value of z. The nearly uniform convergence behaviour
of the new method is seen in Table 2.
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The initial value strategy chosen for x was identical
to that used for Gauss’ method. In thls case, those
values are

{0
o=
"l

The rapid convergence. in the lower left corner of the
table is retained using the new method, and there is
no significant difference in the rate of convergence for
positive or negative values of A\. Although not shown
in the table, a striking advantage of the new method is
that only one more iteration step is necessary to obtain
four more significant figures in all the cases considered!

Because the new method is singular, it is instructive
to investigate its behaviour for values of A approaching
—~1. Table 3 gives the required number of iterations as
X\ varies from —0.90 to —0.99. The uniformity of con-
vergence persists except for a narrow region near 7' = 5.
The increase in iteration steps is not the result of a poor
initial guess for zo; indeed, it turns out that the number
- of steps approaches a maximum when the solution of
the problem approaches the minimum energy orbit —
that orbit for which the semimajor axis is a,, = %s =
$(r1+72+¢c) — when the transfer angle is close to 360
degrees. This same region causes difficulties when us-
ing a Newton-Raphson technique as was first noted by
Lancaster and Blanchard®. The time of flight graph
experiences a change in curvature, which necessitates
abandonment of the Newton-Raphson method, when A
is near —1. Our method takes a little longer than usual
but it still converges without modification.

parabola, hyperbola
ellipse.

Table 3  Iterations near 360 degrees
T= 1.0 3.0 5.0 7.0 9.0 11.0
A=—0.99 5 10 14 8 6 5
—0.98 5 9 12 8 6 5
—0.97 5 9 11 7 6 5
—096 -~ 5 9 10 7 6 5
—0.95 5 9 9 7 5 5
—0.94 5 8 9 6 5 5
—0.92 5 8 8 6 5 5
—0.90 5 8 7 6 5 5
Conclusions

The method of solving Lambert’s problem, as pre-
sented in this paper, closely parallels Gauss’ classical
method but has significant advantages over the latter
in terms of generality and performance. The new al-
gorithm is designed to converge rapidly for any given
geometry and time of flight. It retains all the original
advantages of Gauss’ method and is applicable to a wide
range of problems of practical importance. The con-
vergence properties of the iteration process are nearly
uniform and only a small increase in the number of steps
will increase dramatically the precision of the solution.

For most space guidance applications, this method
appears to be an extremely attractive alternative to
Newton-Raphson schemes since one need not be con-
cerned with determining appropriate starting values for
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different input parameters. Also, when the problem is
to be solved repetitively as part of a guidance cycle with
the previous solution used as the initial approximation,
one might justifiably anticipate that satisfactory con-

-vergence could be had with just a single iteration step.

" Appendix
From the classic identity
ip
ta;%E =F(1,1;3;—tan® 1E)

we_can deduce

%E F(]-; ’ ,—tan21E')
tan{E 272
Then, since
tan? 1 _seciE—-1 Itz-— _
4 seciE +1 ,/1+z+1_n’
it follows that
2tan E
F((I}) F(172’ 27 iII)— F(17272) 7])
_ 21”’(77) _
ViTz+1

Therefore, Eq. (43) becomes

1 2 1
PO = 1266~ e L+nG(n)]’

from which we obtain

__1+G(@)
Gla) 2vVitz+1)
Furthermore, from Eq. (45), we have
1
0= 3 aEm

sl s
o(vIFz+1)L  3+4n/€M)

and, in a similar manner, we find that

(\/1_+Tc+ 1)

3+n+£(n)

The verification of Eq. (53) is now complete.
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